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3UMMARY 

The detormlnÄtion of "optimum" solutlona to 
system» of linear Inequalities has assumed 
Increasing Importance as s tool for mathe- 
matical analysis of certain problems In 
economics, logistics, snd the theory of 
games,  'ihls paper develops a theory for 
avoiding assumptions regarding rank of 
underlying matrices which has Import In 
applications where little or nothing Is 
known about the rank of some linear Ine- 
quality system requiring solution. 

L 
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THE  aEKERALl^D SIMPLEX ME'niOD FOH  KHMlZlKfl  .   r r 
  POKM  aNDEH  LIimiB   r*Jl WiMMlZlNO A  LINEAR 
 :  H  I'INEAH   INEQUALITY  RMmrWM 

-a- 

by 
Oeorge B. Ojntilfe  Alex Orden, 

"iillp Wolfe* 

Background MM Summagr 

The determination or  "«„^       n 

ln.W1itu. l. ..." 80lUtl0n• t0 •y,te"- of "»«' 

«~*.. „It M L^1*"ln •cenonle- ^•"". - - »«•• UJ, [S] .    B,. .olutlon or u«, „.t--,,  .. . 

" in «,. „ut.. probl.m of lnvtr;ion ^
t'1 C0»',ut"" —r. 

»»«.in, tl ta0lm tbwt the ^      ^^        0 "- —• "»«. or 

ocMld.rttl«,. ln.qu.lt«, ,nt« Wd., 

Th. .ImplM prooodur. 1. . fin,t. .,      .., 

-. ** probl.B. lnvolvlng an..::: r v:n,thod -,i8h 

•nwogou. to th. .«ution of ,,„.. * *""'" 0lOM1>' 

^....n ,uml„.tlon ri fh   
,,u"ion*or Mtru lnW-10" ^ ■won.     Like  the latter it la ue«Aii   i 

-ntal  theoreme on u^ al,ebraJo 8yatema    ^ '* ^ ^da- 

of the **»"** —y theoreB M:O01: :d ^•17
i- - - 

!■ tMHy shown a» . dlreet ^^ Un#ftr ine^.iui., 
•B a direct consequence of iolvin„ 1.1. 

Problem,    other for«. u giving the main 
er form8  CÄn be  obtalm^i  hy trlvi., 

« fuller dlscuseton of tK . "•nlpuiatlons  (for 
 Cn 0f theae  interrelations  ■•• fifll.   . ~-  w  8eeL13j;;   In particular. 

Alex Orden is afrin-4.   • 



th« du*llty  th«or«m 

Mlrunax   theorem for 

tttlonal method 

demonstrated by 

yltlde optimal ■ 

game. 

Iht term 

verelon in whloh ( 

negative and •unmed 

"aolutlona" was oona 

^s gsner 

by the first of the 

[lb] and then 

Linear Inequalities 

Indicated, is to 

rank of the matrix 

whloh a condition oa 

Under 

solution to remain 

the original simplex 

oan be repeated, to 

Alan Hoffman [i4] and 

that It was possible 

with the value of th 

than the desired mln 

to note that while 

(pointed 

Robert 

tmtegl 

like 

dlsouflsed 

remove 

of 

degeneracy 

un 

mo is 

[8J> [10], [11], [12] leads directly to the 

..r««m two-person games [id] and to a compu- 

'^   '  out informally by twrman Rubin and 

Dorfman. Ref. [u] ) whloh .lmult|lnt0U1|ly 

•• for both players and the valus of the 

-implex" evolved from an early geometrical 

in game theory) the variables were non- 

to unity, in that formulation a class of 

Idered which lay m a slmplsx. 

illxsd method given here was outlined earlier 

authors (Dantzig) i„ a short footnote, Ref. 

" somewhat more fully at the Symposium of 

in 1951. Its purpose, as we have already 

the restrlotlve assumptions regarding the 

ooefflclents and constant elements without 

llsd "cigeneracy" can occur. 

It is possible for the value of the 

changed from one Iteration to the next using 

«•thod. This causes the proof that no basis 

rsak down. In faot. for certain examples   ' 

ore of the authors (Wolfe) have shown   ^ 

to repeat the basis and thus cycle forever ' 

solution remaining unchanged and greater 

On the other hand, it is Interesting 

t problems that arise from practical sources 

linum 



(in  th. author.« .xp.rl.no.)  have  been degenerate, none have ever 
ayolad,   [9j. 

^ ntl»1 "»'«• ">- »voiding th. ..sumption, on r.nk 
1» to r.pl.o, th. oplgln«! probl.» by . "p.rturb.tlon" th.t ..tl.fl.. 

th... condition..    Th.t .uoh p.rturb.tion. .xl.t 1.,  of oour.. 

lntultl.v.ly .vld.nl but th. ^„tlon r.m.m.d to .how no. to do It 
in . .1^,1. «y.    Por th. lp,clil ,„, of tht tr.n.portitlon probU|t 

. .1^1. «thod of producing . p.rturb.tlon 1, found In H.f.   fa}, 

Th. ..cond of th. .uthor. M, con.ld.;.ed „v.r.! typ., of p.rturb.- 

tlon. for th. g.n.r.l «...    ». ch.^., ha8 .xt,nslv,ly lnv,.tlg,t.d 

tht. .ppro.=h .nd hi. writing r.pr«.nt, the but mllgbl. pubU.h«! 
m.terl.1 In thl. r«g.rd, Ref.   [(),   [3] _   ™ 

It «. notlo.d ..rly In the develop, .„t of the., „ethode 

th.t th. ll«lt concept in which . ... of p.rturb.tlon. tend. In th, 

limit to on. of the .olutlon. to the orlgln.1 probl« w.. not ...en- 
tlal  to the proo**      Appfs~i<-■-■<--    *-u -   •• • .       i.    Äcooraingly,  the third author  (Wolfe) oonsldered 
a purely algebraic approach wh^   Lnbada  *■•--   --- *-. wn.gr. ^,..„«„0  ullo unginai problem as a 

component of .  sener.n.ed »trlx probl.m end replace,  the original 

non^eg.tive rea! variable, by l.xlcographlcaUy oniered vector.. 

Becu.e thl. approach give, a almpie preaentatlon of    he theory, 
we adopt It here. 
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SECTION I 

THE dENERALIZIO SIMPLEX METOOD 

Afl i3 -" »-own, . ay8tem of llnear lnaqualltie8 
trivial subatltutifir, ä«^ 

y 

r.»!,,- h »Wnuti«, or th. v,pUbltl 

n 1    '    ^ 8n "UlV'lent ^n - ÜB«, ,3,,^ ln non. ^ ^J^, .ene., WUh ,10 10„ of s.n.r.m --hau 

Z     ' Pr0bl9m ^ " Utt,r f0™ thrOUShOUt thl" P.p.r.    On. may e„ny „,O0l,t, 

^ ^c. th. cc„.t.rt  tera5 .„ rsplaced      * ;y'tem '""'■•- •*""" 

row vector. „d «.. „.., varl.bl ^   ^^™'" •-»»«« 

vector.,     m the orlglnal v.rl.ble. 
»re non-neg«Uve.  in fh. v.n.oie. 

vector ven.ble 7 > 0 f In .h. i     . y 

' 0 lln  'he lexlconraph!. ,,„,.)  th 

non-aero component,    the   —,   HI. iii-ot or wni^h  ...  . ... 
ih„,    1" P"»inve end by x > v th.t     x-y    > o.     It  l, ..,„  ,.„.„... oy x ^ y 

i. easy to .ee that th. »•(-.► r-__, 
the vector v.rl.ble. of th.  ««»P0n.nt. or 

"lea or the Mnmlli*) .y,tem ..ti.ry , iin..„ 
•yne:t

ln "—•tiv. vruhl.. in *lch th. ^      nne,r 

«.. X" component, or the con.t.nt vector.. ^ "• 
Let P ■ fp  p        —i 

0' 1'  "' PnJ be « Siven «alrix whose Jth 
coluam, p  i8 a vect     .      8e J 

J       ctor or (m-n; components. L«t M be • n »-H 
-trlx of ^ „, oonilitl  of 

M be a f1^ 
The f.„TÄllMd mMtrlx prolle ^^ 

B+t ^-Ponent row v.ctors. 

•atisiVing ^ 00nCtrnWd Wlth '^  • -trix r 

PX - Z p.x, - M 
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WH- ^  (the  jth ^ of r)  is a  ^ 

(2) 

*ny »et x of 'Wl.bl..» (x  • 7     = 
(I) «nd (2) in th. .bove ,„.„„       * O' Xl' x2'   •••.%) «.tl.fying 
• "fM-m,.»!«,'? lexl00g™phl<! "»• «" t. „,.„., t0 M •olutlon    (<»• »ore .impiy „ a  „ 

•«t. . .nation *loh ,    . "uoh * •olutl0" «P«- on ,*lt!h i» Phy»lo»liy re«li..hi- k . 
oPtl«!.    W. nr.t vTLbie    ?     ^^    e,U"ble but not "«....rUy 
or the .,lHtlon    t. t      •

ble' X°'  ,,hl0h •*" b« ""- the -v.lu... on'  la to be maximized;  it tm r^* 
other, to he non^e^tlve      In „       ', """^".O Uk. the 
ID 1. -, h._ ." ^ 0ert'ln '»"«•»ion. (.. ln s.otlon 

«.tricte. to' e „o7' '^ "^ ^^ *" »" -t to oe non-negttlve.    n»«. ,..,,. t 

in the method  (.., th. ., ' 'Ught  ^"lon 
00 C. the dl.ou.,1«, foiaowlng m.orem v). 

Among the claaa or r*«-«^ 

.oiutlon.„.,..b..lc        „ t 'r^,,hen-p*"' 
(8) th.t whenever « ... . (»•or.« mi) Md 

»nenever a maximizing eolutlon exlete a„^ < 
!• • ba.io .oiutlon and .*. Unlqu• " 

' and "hoover a maxlmumg eoiuti^ , 
unique there le . v.... «oiutlon le not 

s   n.re le a baelo eolutlon that ha. th. ..... 
(Theorem VI). A ba.ic eoiutm , ■«IW.ln, value. 

) 



RM-1264 

to zero:   l.t.,   u i. of the form 

(4) BV 

wh 

Vo + jj   'j/i  - « . (^  . O,   J,  ^ 0) 

•» B -   |?0<   t^.   •..,   Fj]   !, ,„  (n+1)  aqu,re a8Sai and  v ^  s 

-trix or „ + : rmn .n<1    ^cluBns ((hose ith ^ ^ ^^ 
"i.  (i - o,  1,  ..., m). 

«- v.   ^ thl5 lt re.dUy foUows thst ^ (>+i) ^^ 
oonStltute a ^ ln the .p.c. of ^^ ^ ^ 

of the  (M+1)  rows of v can vanish;  i e      It i. ^«. ••^an,  i.e.,  it is not possible that 
v«    ■   0.       Thus    In   a    Kfi.4-    __,.,. 

_ in a basu «olution ail  variables assooisted with the 
ZUtfiS in the bMli (exopt poaaibly 7.) ^ g^^ ~  

St^Sa «Si tfro.    ^e condition in (4) .W now b. .t^th«^ 
to strict inequality 

Let 01 denote the  ifch row of B inverse 

I (6) a-1 

where primed letters stand  for trtnapoae. 
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Theore« I: A neoeaaary and aufflclent condition that a 

baalo aolutlon be a maximizing aolutlon la 

(7) Vj i0 (J- 1. ..., n) . 

Theorem Hi  If a baalo aolutlon la optimal, then ar^ other 

solution (bMlo or not) with the property th^t xj - 0 whenever 

(ti0Pj) ^ 0 la alao optimal; an^ aolutlon with x. > 0 for aorae 

^0PJ^ ^ 0 ii ESi optimal. 

Proofa: Let T repreaent an^ aolutlon to (l) and V a baaic 

aolutlon with baaia B; then multiplying both (l) and (4) through by 

(i0 and equating, one obtain», after noting from (6) that ß P  - i 

•nd ^P^ -o, 00 

(8) ro + f ^o'j^J " ^0    '' 

whence, aaauming ß^j > o, then x0 < v0 (which eatabliahea the 

sufficiency of Ttieorem 1); moreover the condition Xj - 0 whenever 

jVj ^ 0 (J / 0)* impllea the summation term of (8) vaniahea and 

x0 - v0; whereaa denial of thia condition impllea the aummation 

tem is poaltlve (eatabliahing 'Iheorem II if 'meore.n I la true). 

In order to establish the neceaaity of (7) for Theorem 1, 

let Y8 be a column vector which expresses a vector P8 aa a linear 

combination of the vectora in the basis: 



t   - 

P.  - BCB^P  )  . RV S 
8      1-0 V1" ^0 - Pi  ) 

(9) P    . n/n-lv      _ 

1-0    *1 i« (Po ■ ' i 

^•re it la evident from (6) th.«- K 
vo; thet, by definition, 

• Oo-Wr a SiÄWL^^^, whlch 

(4) and (9)  of the form ed f^oa, 

il 
I or more explicitly 

■i   \-J/«  a class  of <j^i..«-i 
or aoiutlona with 5 > o fi •    u.«».w. TT 

^SiäiHz fiomiv., .a«,. ...... ..... ^Z/ (1-- "lth 5 

out«, wxth,. .nd p) ln,;::" °uu"cn,t *» ™™ - 

« • .dutxon to n)hx<\   i     non™*t^ -". -iMm. 

(13) 'o-x0..>70 (y0s<o.e>o). 

the .soiution  (1...   direction nr .. ...r. . '    ( 
V•1U• '" 

«.1. e.t.Ml.h.. lheorera ln  (b.leB) Khioh 

-.teraent ef the neceaauy w condition  (7)  ^ J-, . 

RM~1264 

-a- 

' ■ "r r ^^ s r»     s ,. 

) 



-9- 

Iheorem III:    'mere exists a class of solutions with values 

(15)      yoB - Vs <0 

'ITieorem IV:    TTiere exist« a class of solutions with no upper 

bound Tor values ^ If for some s  ,    VQ^ < 0      and yl3 <, 0 for an 1   . 

llieorera V:     mere exists a new basic solution with value 

*0 ^ ^0 *   (obtained by IntroduclniS P8  into the basis and dropping 

a unique Pj   ),  if for some s  ,    y08 < 0    and for some i,    yl8 > 0 . 

From  (12) if yl8 s o for all 1,  then 9 can be arbitrarily 

large  (I.e.,  Ita first component can tend to ■♦■ OP ^ and  the coeffl- 

clenta of Pj    win remain non-negative.    The vaxue of these solu- 

tions   (13) will  also be arbitrarily large providing y^    < 0 

(establishing 'lYieorem IV).     In the event that some y.     ^ 0, 

the maximum value of e becomes 

(16)       Max o - (i/yps)vr -   Mm   (i/yli)v1 . 0     ,    (yM>0J 1 / 0) -  (l/yr,)"r -    Min    (l/yjjv,  ; ra 

where  the minimum of  the  vectora   (taken In the  lexicographic  sense) 

occurs  for a unique 1  - r (since  the rank of V  la    m+1   ,   no two rows 

of V  can be proportional,  whereaa the aasumption of non-unlqusneaa 

in  (16)  would  imply  two rows  of V  to be so — a  contradiction), 

iietting G - Max 6 in  (12) yields a new basic  solution since the 

coefficient  of  P.    vanishes.     Thui a  new basis has been  formed 
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conalatlnij'of  fP      p 

»"« '„ le put in In.tMd (n^rm v). 

The next eectlon con.lder. .„ .ppu0,t,on „, „. 
.U.PI.. p«,^ tB ^ tha restrlctlo 

p;10'^ of h- •-»".- 

on .11 v,rl.bl„  (J . 1    , , XJ i 0 '• "»' ^oeel 

fioa"on of"— —. re .11, for „loh
o •; * 2l- 

second,  if P      I.  <- «.V.    . -^««no  or e, -   r,    i, ln th. b.8t8 tnd the pe.trl 7      0 ,, 

«^ed. «..„ thl. t.m o.nnot tnpoj> i bwind  ^ 
o; - 

Starting with any basis B - B(k) 
basis B<k+1) by flM#! H '  0ne can detenam- a nc^ 

by firit detennining tha vector P_ to lntpeduo.  .   . 
- b..i. by (U).     If fchere exlat8 n «        "-—6 — 

** solution is optimal and B^) ia th      ' 8 ^ ^e0rSS"i '' 
t^en one Tonns y,    .  (. P  , a d /' ^ ^^ ^ia.    ir a Pa exl8ta, 

r- the basis bW^     '  ' nninea ^  ^^^ 'j    ^ --P by (16) providing there sro y      > Q        TX. 
exist no y       , n    „u l8 Tf th«re 0 ^la -> 0,  then,  by Theorem IV    a  e!*«-     . 
obtained fro« (i2) wlth nfi '      ^ 0f •^"tlons  is 

Uz;  with no upper bound for v    for .^K^ 
9 > 0      if P ^ v0 ror «rbltrary 

ron.eo cropping P     .nd repl8cl '• 
v      of t-K<-       ,       r ' ra'   Dy  113;   the  value 

aince 0 > o is  n***      w     / than for *{   * ^ * y   u is  chosen bv  l\f,\       iv. 
"..ting wuh the . 1T,U3 0"e ""^ P—- Uer.tlvely 

until Z lnU181 baSl!, 'nd ft^n, „ . o. ,    2 until  the process atopa  becau.e  r.l ".  1,   2,   ... 
b.o.u.. (a) an optical solution has been 
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bound has been obUlned. 

n» nu«b.r or dirr.r.nt b.„. i, flnlt.; not .xo„dlng ^ 

««»bar of .«lotion, of n thl„g. uk.n . .t . tl«, ...ooLt«, 
with ..eh b..!, B ^ . unlque b,.lo selution v m B.1M _ ^^ ^ 

nun..,, or «.tlnot b..l, .olutlon. ,. „„u^ fln.Uy/ no ^^ 

«n b. «p..t,d by th. lt.r.tlve prooWlur# ^^ ooritripli(iM 

«u. wouia inply , rep.tltlon of ^ valu6 _o i(herea8 ^ (w) 

lnCr*"lr'« - ÜS2« th. mjnb«: of u.r.tlon. 1, flnlte. 

1»>e k + i" iterate le oloeely related to the kth 
by 

.i-pl. fenefo^tion. th.t conetUute the o^ut.tion« ,lgorUh„ [6], [7] 

b..e<l on the „thod,    thue for !. 0. !....., .    (w p)( '   l J 

(17.0) v.-i<+l       -k      v^ ~W 

i       ^i r • vr      • Vrvr * 

^.re the i!u£er3ori£u K + : .r.d k „e lntroduoed ^ ^ dlit 

the euoceealve aolutlona ..,d b..es, and Kh.r, ^ ^ coritsnti 

(,8,      ^ • -"l./»« * -«M,»/^,).     "    ft*,) 

9r *      '//„ - l/(prP8; 

Relation (17.0) la , eona.qu«,,« 

I 

\ 
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of (12) and (16); It la easy to verify that the matrix whose rowa 

are defined by (1^1) aatiafiea the proper orthogonality propertiea 

for the inverse when multiplied on the right by the k + lat basis 

^0*   PJ1'   ' "*  Pa'   "*»  pj ^ •    As a  consequence of the iterative 

procedure we have established two theorems. 

Theorem VI:    If solutions exist and  their valuea have a 

finite upper bound,  then a maximUlng solution exists which la a 

b^aic solution with th* properties 

(19)     BV" JoP^-M (P^-Po^^O,  i-l,...,m) 

Vo " l'  V^  " 0'  Vj > 0 (J-l. 2/   •••.  n) 

v0 - ß0M - Max XQ ; 

where $0 la the 1st row of B"1. 

'Iheorem VII: if solutions exist and their values have 

no finite upper bound, then a basis B and a vector P exlat with 

the propertiea 

(20) BV-     >• Pj^-M (P^-PQ^V^O, l-l, ....   m) 

o, p.p. < o 
'0 

s Pj fr - (^jP^eJ + pa5 - M 



whtrt th. iitttr, with 5 > 0 arbitrary, foma a olaaa of aolutlona 

with unboundad valuaa (Pj !■ tha 1 ♦ 1** row of B"1). 

Cloaaly ralatad to tha nathoda of tha naxt aaotlon, a 

conatruotlva proof will now ba glvan to 

Thaora« mis If an^r aolutlon axlata, than a baalc 

aolutlon axlata. 

For thla purpoaa, adjuat M ao that tha flrat non-aaro 

componant of aaoh row la poaltlva and conaldar tha augnantad 

■yatam 

(20.1) 
n 

I 
J-0 

J 
o 

x3 I K+i+ 
n-Hn-fl ■n 

wh 

(«j > 0 ,   J ..1, ..., n^,) 

— i 

ara    Xj    has ona mora componant than x^ and  •   rapraaanta tha 
v 

null vaotor. Noting nalthar x0 nor x^+1 la raqulrad to ba poal^- 

tlva. an obvious baalo aolutlon la obtainad ualng tha varlablas 

LrO' xn+l' •'•' xn■Hn+l)•  It w111 b* notad that tha hyptthaaii of 

tha theoram pannl ta construction of a solution for which x'  - o 

(1-1.2.....ra).  Indaad, for J < n set x^ - {~xy  o) > 0.  Howavar, 

It will ba notsd alao that S ^ ■ [ • I J to that Max xn+1 - [. l] . 

Accordingly, ona may at#rt with tha baalc aolutlon for tha augmantad 

system, keeping the vectors corresponding to XQ and x*    alwaya 

In the basis use the simplex algorithm to Max x'  ,.  Since at 

the maximum x^   - 0. (l + m+] ). the corresponding vectors are not 

in  the basis any longer, see (5).  By dropping tha laat component of 

this uaalc aolutlon and by dropping x^^ f] . one Is left with a 

baile solution to the original system. (Q.E.D.). 
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SECTION II 

MINIMIZINQ A  LINEAR FORM 

TTie application of the generalized almplex method to the problem 

of minimizing a linear form subject to linear Inequality reatralnta 

conalsta In bordering the matrix of coefficients and constant terms 

of the given system by appropriate vectors.    This can be done In 

many ways — the one selected Is one which Identifies the  Inverse 

of the basis as the additional cokuponenta In a generalized matrix 

problem ao that computationally no additional labor Is required 

when the Inverse la  known. 

The fundamental problem which we wish now to solve Is to 

find a set x «  (x0#   x1,   ...,  xn) of real  number« satisfying the 

equatlona 

(21) x0*2aOJxJ.0 

f akJxJ " bk       (bk > 0)' (k " 2' 3, •••, m) 

such that 

(22)     xj d 0 

(23)     x0 - Max 

where without lose of generality one may assume bk x 0.  It will be 

noted that the subscript k - 1 has been omitted from (21).  After 
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aome experimentation it has been found convenient to ougment the 

equations of (21) by a redundant equation formed by taking the 

negative sum of equations k • 2, •••, m. Vhua 

(21)    I ..JXJ . bl (.^ . -J!^,  ^ . - | bk) , 

Consider the generalized problem of finding a set of vector 

"variables" (in the sense of Section I) (x0, 5^, •••, x ) and 

auxiliary variables (xn+1, xn+2, •••, xn-Hn) satisfying the matrix 

equations 

n 
(25) x0 + i: SQJXJ - (0. 1,0,     •••,0) 

n 
V»-k + ? akJxJ " (V0»0,-..,1,...,0)   (b^ 0; bk> 0, k-2,---lm) 

where the constant vectors have _>£- m + 2 components with unity in 

position k + 2, x0 and xn+1 are unrestricted as to sign and, for 

all other J, 

(26)       * J il 0 ( J - 1, * ' •, n , n + 2, • • •, n + m ) . 

Adding equations k -  1,   •••,   m in   (2b)  apd noting the definitions 

of a1j and h^ given in  (2^) 

Baaed  on a  recent auesgeatlon of  W.  Orchard-liaya. 
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(27)    l*n*km  <0' 0' 1. i , i) • 

Ttiere 1» a close relationship between the solutions of (25) 

•nd those of (21) when xn+1 > 0, for then the first components of 

Xj for J - 0, ..., n satisfy (21).  mdeed by (27), If sll x   > 0, 

the first component of all 3^ muat vanish,but the lat component 

of the vector equations (25) reduces to (21) when the tern, involving 

Fn+k arb d^pped. -mis proves the sufficiency of Theorem IX (below). 

Theorem IX:  A necessary and sufficient condition for a 

solution to (21) to exm la a solution to (25) to exist with 

^1 I  0- 

Theorem X: Maximizing solutions (or a class of solutions 

^unbounded vjluj.) to (21) are obtained from the l8t components 

££ (xo'   *» *n) 2L  the 0 or respond ini| tj^e solution to (25) with 

xn+l ^ 
0- 

To prove necessity in IX, assume (x0> •.•, xn) satisfies 

(21); then 

(28)     x0 - (x0, 1, 0,     -.., o) 

Xj - (x., 0, 0,     •••, 0) 

x 
+k - (0. 0, •••, i, •.., 0) > 0 

1 < J < n 

1 ^ k ^ m 

(where unity occurs in position k ♦ 2)safcl>fl.a (25).  Because of the 

possibility of forming aolution. of the type (28) from solutions to 
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(21),  It is e.sy to »how that  l9t componente. of maximizing solutlona 

to (25) must be  maximizing solutlona  to  (*)   ('meorem X). 

It will be noted  that (25)  aatiafia« the requlrementa for 

the generalized  simplex proceaa:    flrat the right-hand aide con- 

aldered aa a aatrlx la of form M -  R,  u0.  U^   ...,   uj   «here uk 

la a unit  column vector with unity In component  k + 1 and le of 

rank m + 1   (the  number of equatlcna);   aeoond, an. Initial basic 

»olutlon la available,     indeed aet ^  xnU.   xn+2,   ...,  ^ equal 

to the corresponding constant vectors  In (25) where x    k > 0 for 

* m 2$   •••, m becauae bk ,> 0. 

In applying the generalized simplex procedure,  however, 

Ä2«i *o SSä «n+1   •££ not reatrlcted to be non^egatlve.    Since 
xn+k £ 0 for (k -2*     ". m),  It followa that the values of the 

aolutiona,  xn+1,   to  (27) have the right-hand  side of  (27) .» .„ 

uppur bound. 

To obtain a maximizing solution to  (25),  the first phaae 

ia to apply the generalized  almplex procedure to maximize the 

var-iable xn+1   (with no raitrlctlon on x0).    sine. xn+; haa a finite 

upper  bound,  . laalc  solution win  i e produced after a  finite number 

or ci.^n-.s  of I.Ms  in  which xn^  > ü,   providing Max xn+1   > c.     If 

during  tha  first   phaae xn+1   reaches   :.  moximum   less  thnn  rero,  then, 

of cour.e,   by Th.oram IX there U, n. ^lution to  (21)   and  the  proceae 

ternlnat.a.    If,   m the  iterativ. proceüfl, ^  becomcf; poaltlve  (^n 

though  not maxima«),   the  firat ßh^,  which  I.  the t,e«rch  for a  solution 

to   (21),   is   completed  and the second  pha^e.  which  is  the search  for 

) 
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an optimal solution,  beglna.     Ualng the final  baaia of the  firet 

Phase In the aeoond phase,  x0 la maximised und«r the additiona! 

restraint xn+1 ^ o. 

Since the basic  set  of variables *?• taken in the initial 

order (x0,  xn+i,   ...,  xn+flj) and in the first phaae the variable 
xn+l  is "«^imized.   the aecond row of the Inverse of the basis. 

^  is used to  "select" the candidate P8 to Introduce into the 

bssis in order to increase xn+1,  aee  (14);  hence a  1. detemlned 
auch  that 

(29) ^1?a    - Min (p  P  ) < o    . 
J        x   J 

However, in the aecond £haae,  »inne the variable to be maximized 

Is x0 and the order of the basic set of variables Is  (x0,  x ...), 

then the flrjt row_of the inverse of the basis,  ^   i. uaed^^.V, 

one reverta beck to (14).     Application of the generalized simplex 

procedure In the aecond phaae yields,  after a finite number of 

changes In basis,  either a  solution with Max x0 or a  class of 

solution«, of form (1.)  with  no upper bound  for x0.     By Theorem X 

the flrat componenta of x^   x^   ...,  xn form the correaponding 

aolutiona to the real  variable problem. 

The computational   convenience of this setup is apparent. 

In the  flrat place  (aa noted earlier),   the right-^and aide of  (21) 

conaidered aa a matrix^ia  of form M -   [Q,   U0,   U,,   -..,  uj   where  u, 

is a unit column vector with unity in component  k + 1.     In this  caae, 

by (4).  the  basic solution  V  - B"1  M .   [B^QJ   ET1]   .     Thia meana 
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(ln thla caae) that of the Z- m + 2 componenta of the vector v« 

the last m + 1 componenta of the vector varlablea ^ In the baal^o 

aolution ÄSi identical, with ß1, the corresponding row of the 

lnverae-  In «PPHcatlons this fact Is important becauae the 

last m + l components of v1 are artificial in the aenae that 

they belong to the perturbation and not to the original problem 

and it lo deairable to obtain them with as little effort aa 

poaaible. In the event that M has the special form above, no 

additional computational effort is required when the inverse of 

the baals lo known.  Moreover, the columns of (25) corresponding 

to the (■+!) variables (x0, xm+1, ..., x^)  form the initial 

identity basU (U0, u^ •••, uj, so that the lnverae of the 

initial baals is readily available as the Identity matrix to 

initiate the first Iteration. 
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